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1. Introduction 

The main motivation for the work presented in this paper is to construct real hypersur- 
faces in C n+1 with maximal Levi number (see below for the definition), a problem that has 
been open since Levi numbers were introduced in |BHR96j . The examples constructed 
here are tube hypersurfaces (i.e. of the form M = E + z!R' n+1 where E is a hypersurface 
in R n+1 ). Moreover, we give a local description of all such hypersurfaces. In order for 
the real hypersurface M to have the desired properties, E must be a non-cylindrical hy- 
persurface whose Gauss map (or equivalently second fundamental form) has rank one. 
To construct locally defined hypersurfaces in R n+1 with these properties, indeed to pa- 
rametrize all such, we prove an existence and uniqueness theorem concerning a Cauchy 
problem for a class of overdetermined systems of nonlinear partial differential equations 
in R n . The Cauchy data is posed on a noncharacteristic fc-dimensional plane in IR n , where 
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the dimension k depends, roughly, on how overdetermined the system is. In the special 
case where the system is not overdetermined at all, we have k = n — 1 and our theorem 
reduces to the classical Cauchy-Kowalevsky theorem. 

Consider the Cauchy problem for an unknown vector- valued function u := (u l , . . . , u m ) 
given by 

du A A ( du du\ 
1.1) {dx^ = a [ X,U, d^ , --- , d^J , A = l,...,m, a = k + l,...,n, 

niAfry,! ry.k fc+1 rr> n \ — >r ^ 

Li yuj . , , j Jb ; %L Q . . . . ^ J, Q J Lt ydj j . . . j <Jb J 

where F A (x, p, p') are real- valued, real- analytic functions in an open subset U of R n x M. m x 
R mk , (xo,po,p' ) a fixed point in U, and the Cauchy data a = (a 1 , . . . a m ) are real-analytic 
in a neighborhood of (xj, ■ • • , x§) in M. k with 

(1.2) (J^(xl,...,x k Q ),...,^(xl,...,x k Q )^ = (p ,p' ). 

We shall say that the Cauchy problem ( 11. ip is solvable at {xo,Po,Po) f or every initial data 
if there is a unique real-analytic solution u(x) to (ll.ip in an open neighborhood of Xq for 
every Cauchy data a(x 1 , . . .x k ) satisfying (11. 2p . 

In order to formulate our main result, we need to introduce one more notion. We shall 
say that a real-analytic M m -valued function u(x) defined in an open neighborhood of xq 
is an approximate solution at xq to the Cauchy problem (II .ip if 



;i.3) 



du A „ A ( du du 



dx a -a >X,U, dxl ,..., dxl 



Xq) = a (x , 




where A and a are as in (11.11) . Note that the property of u(x) being an approximate 
solution at x to the system (11.11) only depends on its 2-jet at x as well as the 2-jet 
of the initial data k ) at (xj, . . . ,Xq). The Cauchy problem (11.11) is said to be 

approximately solvable for every initial data at (xo,po,Po) € U if for every initial data a 
defined in a neighborhood of (xq, . . . ,x k ) and satisfying (11.21) . there is an approximate 
solution u to (11. ip at xq. Our main result is the following. 

Theorem 1.1. Let F A = F A (x,p,p') , for A = 1, . . . , m and a = k + 1, . . . ,n, be real- 
valued, real-analytic functions defined in an open subset U of W 1 x R m x W nk . The 
following are equivalent. 

(i) The Cauchy problem (II. ip is solvable for every initial data at every (xQ,p ,p' Q ) G U. 

(ii) The Cauchy problem (11.11) is approximately solvable for every initial data at every 
Oo,Po,Po) e U. 
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(iii) The functions satisfy the compatibility conditions 
(1-4) ®%{x,p,p') = §j a {x,p,p'), 

(1.5) *^(*,p,jO = *^(W), 

for all A, C — 1, . . . , m, A, Y — 1, . . . , k, a, (3 — k + 1, . . . , n, and (x,p,p') 6 U , where 

RT?A m ajpA k m apA f f)T?B m apB 

<x(3 ■ g x p q B P ^ f)n§ \ f)^ 

(1.6) , B=1 r=1B= 
"' dF^dF* dF^dF? 





dp® dp^ dp® 9pp 



iwtt t/ie notation 

(i.7) P =(/)^™, p' = W)^:;;r. 

As an illustration of Theorem 11.11 we give an example where the conditions (11.41) and 
( II. 5p take a particularly simple form. 

Example 1.2. Let L^ B , for A, B = 1, . . . , m and a = k + 1, . . . , n, be vector fields of the 
form 



t a _ s.A 9 pAA ' * 5 



1 ^ SaBV ^ y ax A ' 

A=l 

where 5 B denotes the Kronecker delta and the coefficients (fg(a;) are real-valued and 
real- analytic in an open subset Q of M n . Let C a be the m x m matrix of vector fields 
C a '■= {L^b) A,B=x,...m acting on M m -valued functions u = (u B ) B=i,...,m by 

C a u :- 




A=l,...,m 

Clearly, the Cauchy problem for u = (u A )A=i,..., m given by 

{C a u = 
At i k fe+i nN _ a/ i fc\ ' -4 = 1, ■ ■ a = & + 1, . . .,n, 

where x° G fi, can be written in the form ( 11.11) . An elementary computation shows that 
the compatibility conditions ( 11.41) and ( 11. 5ft are equivalent to the generalized Frobenius 
condition 

Note that L a Lp is an m x m matrix of second order differential operators and the com- 
mutator [C a , jCp] is, in general, also an m x m matrix of second order operators. If m = 1, 
then the commutator [£ a , Cp] is a vector field, and Theorem 11.11 for the Cauchy problem 
(11. 8p reduces to the standard Frobenius theorem (in the real-analytic category). 
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As a first step in the proof of Theorem 11.11 we shall prove (i) ==>- (iii) (i.e. the 
necessity of the compatibility conditions) and (ii) •<=>- (iii) (i.e. the characterization of 
the compatibility conditions by means of approximate solutions). This will be done in 
Section [3j To complete the proof, we show, in Section [ TJ that (ii ) =>- (i). This step is 
more delicate and uses Cartan-Kahler theory (see e.g. [BCG 3 9lj ). In Sections HJ and 
|6l we introduce the necessary preliminary material for the proof of (ii) ==>- (i). 

The study of nonlinear overdetermined systems of analytic partial differential equations 
has a long history going back to the late 19th century. We mention here only some this 
work, namely that of E. Cartan |C31j . C. Riquier [RIOj . J. M. Thomas |T34j . and H. 
Goldschmidt [G67] in which results on local and formal existence of solutions to the 
systems are given. The interested reader is referred to BCG 3 9l] for further references. 



We shall apply Theorem 11.11 to a Cauchy problem for a system of Monge- Ampere 
type equations that will be used for the geometric applications mentioned above. Let 
x = (x l , . . . ,x n ) denote coordinates in M. n . For a function u = u(x), we shall use the 
notation 

_ r, _ du _ _ d 2 u 

Ui \— U x i — O x iU — 7T - "; u ij '■— u x i xi ~ O x iO x jU — - . 

OX OX 1 OX 1 

For integers 2 < a, (3 < n, we shall denote by A a p the second order, nonlinear partial 
differential operator 



;i.9) A af} {u) := det 



Mn Ml/3 
U a i U a p / 

We have the following result, whose proof is given in Section [8] as an application of 
Theorem 11.11 



Theorem 1.3. Let n > 2 and f a /3(x,t), 2 < a, (3 < n, be real- analytic, real-valued 
functions in a connected open subset U x V C M™ x (M \ {0}). Then the following two 
conditions are equivalent: 

(i) For any Xq = (x^, . . . ,Xq) G U and any real-valued, real-analytic functions a(x v ), 
a2(x 1 ), . . . , a n (x ) in a neighborhood of x^ in R such that a"{x^) G V , there exists a unique 
real-valued, real-analytic solution u(x) in a neighborhood of Xq to the Cauchy problem 

( A a p(u) = fap(x, u n ), 
I 1 - 10 ) ) ( i 2 n\ _ r i\ (ii B1 _ / u a,/3 = 2,...,n. 

I U yX , Xq, • • • , Xq ) 0,\X ) , U a [X , Xg, . . . , Xq ) fl Q [X ) , 

(ii) The functions f a p are of the form fa^x.t) = g a /3(x)t with g a p satisfying the compat- 
ibility conditions 

(1.11) g a p = gpa, d x ig a p = 0, d x tg a/3 = d x pg ai , a, ft, 7 = 2, . . . , n. 

Remark 1.4. The conditions (11. lip are locally equivalent to the existence of a real- 
analytic function v(x) independent of X\ with g a/ 3 = d Xa d X/3 v, for 2 < a, (3 < n. Also 
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observe that if f a /3{x, t) are independent of t, then (ii) is equivalent to the vanishing of all 

fa/3- 

Remark 1.5. Observe that when n = 2, the condition (i) of Theorem 11.31 holds for any 
right hand side f a p = f<n as a consequence of the Cauchy-Kowalevsky Theorem. Hence, 
the implication (i) ==>- (ii) does not hold for n = 2. 

Next, recall that if E is a smooth oriented hypersurface in ]R n+1 , then its Gauss map 
G: E — > S n is the function that sends x G E to the (positive) unit normal n(x) G S n . 
The Gauss (or spherical) image of E is G(S) C S n . If E is (locally) defined in M n+1 
as a graph y = u(x), then the rank of the Gauss map at a point (x,u(x)) 6 1" x 1 is 
precisely the rank of the Hessian of u at x. Consequently, the graphs y = u(x) for which 
the rank of the Gauss map is identically one (with the additional harmless assumption 
that Mn 7^ 0) correspond precisely to the solutions of the system of equations &. a p{u) = 0, 
a,/3 = 2, . . . ,n. The Cauchy data a(x l ), a a (x 1 ), 2 < a < n, in (11.101) can be used to 
prescribe the Gauss image of E. More precisely, we have the following result, whose proof 
is given in Section [9] as an application of Theorem 11.31 

Theorem 1.6. Let 7: (—1, 1) — > S n be a real- analytic curve with 7(0) = (0, ... ,0, — 1) 
and 7'(0) = (1, . . . , 0). Then, there exists a unique (germ at of a) real- analytic function 
u(x), x G R n , with u(0) = such that i/Ec M n+1 is the graph of u{x) and G is its Gauss 
map, then the rank ofG is equal to one at every point o/E andG((x 1 ,0),u(x 1 ,0)) = 7(x 1 ). 

We remark that this local result contrasts with the global situation: Hartman and 
Nirenberg [HN59J showed that any properly embedded smooth, connected hypersurface in 
]R n+1 whose Gauss map has rank < 1 at every point (or, equivalently, whose Riemannian 
curvature tensor vanishes identically at every point) is necessarily a cylinder over a curve, 
and hence its Gauss image is contained in a 2-plane section of the sphere, i.e. is contained 
in a circle. This strong global rigidity fails for hypersurfaces whose Gauss map has rank 
two or higher. There are relatively simple examples of properly embedded real-analytic 
hypersurfaces in M n+1 whose Gauss maps have rank two, but whose Gauss images are 
not even contained in any hyperplane section of the sphere (see [S60J and [W95] ; see also 
[XG04] l 

To describe our result concerning real hypersurfaces in C n+1 , we need some definitions. 
Let M be a real- analytic, connected hypersursurface in C n+1 . Recall that M is said to 
be holomorphically nondegenerate if there are no nontrivial germs of holomorphic vector 
fields, i.e. holomorphic sections of T 1,0 C n+1 , that are tangent to M. If p G M, we let 
p(Z, Z) be a local defining function for M near p. We let L±, . . . , L n be a local basis for 
the CR vector fields on M near p. The hypersurface M is said to be k-nondegenerate at 
p if the collection of vectors 

(1.12) tfpzfap), leZ n + , \i\<j, 

spans C n+1 for j = k and k is the smallest integer with this property; here, we use 
standard multi-index notation L 1 := L 1 ^ . . .L 1 ^, etc. The notion of /c-nondegeneracy is 
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independent of the choice of defining function p and CR vector fields L\, . . . ,L n . We 
shall say that M is finitely nondegenerate at p if it is fc-nondegenerate at p for some k. 
The reader is referred to [BER99J for further information about these notions and CR 
geometry in general. We mention that M is holomorphically nondegenerate if and only if 
M is finitely nondegenerate on a dense open subset. For a holomorphically nondegenerate 
hypersurface M, its Levi number, denoted £{M), is defined to be the minimal k such that 
M is /c-nondegenerate at some point (and hence for all points in a dense open subset). As 
mentioned above, the Levi number was introduced in [BHR96j . where it was also shown 
that £(M) is always < n. If M is Levi nondegenerate at some point, then £(M) = 1 and, 
hence, real hypersurfaces in general position satisfy £(M) = 1. We remark that it is trivial 
to construct, for any integer k, a real-analytic hypersurface M that is fc-nondegenerate at 
a given point p. However, the Levi number of such an M will still be, generically, equal 
to one. Examples of hypersurfaces M with t(M) > 2 are scarce. The first example of an 
M in C 3 with £(M) = 2 can be found in [F77] . Another example with £{M) = 2 is the 
tube over the light cone. Homogeneous tube hypersurfaces in C 3 with Levi number = 2 
were systematically studied in [FK06| . [FK07] . An example in C 4 with Levi number = 3 
was constructed in |F07j . To the best of the authors' knowledge, no examples with Levi 
number > 4 are known in the literature. In this paper we show that, for any n > 1, there 
are (plenty of) real-analytic tube hypersurfaces in C n+1 with Levi number = n. This 
statement is an immediate consequence of Theorem 11.61 and the following proposition; see 
also Remark 110.41 

Proposition 1.7. Let E be a real- analytic, connected hypersurface in M n+1 . Assume 
that its Gauss image G(E) is a real-analytic curve in S n C M. n+1 that is not contained 
in a hyperplane. Then, the real- analytic tube hypersurface M := E + iM n+1 C C n+1 is 
holomorphically nondegenerate, the rank of the Levi form of M is one on a dense open 
subset of M, and the Levi number £(M) = n. 

Finally, we remark that a holomorphically nondegenerate tube hypersurface M := 
E + zM n+1 in C™ +1 such that the rank of its Levi form is one at every point, the existence 
of which is guaranteed by Theorem 11.61 and Proposition 11.71 is only locally defined, i.e. 
not properly embedded in C n+1 . This follows again from the theorem of Hartman and 
Nirenberg: If M were properly embedded, then E would be a properly embedded, non- 
cylindrical hypersurface whose Gauss map has rank one at every point, contradicting the 
theorem of Hartman and Nirenberg. 

This paper is organized as follows. In Section [21 we introduce some basic notation and 
conventions that will be used throughout the paper. The general Cauchy problem and 
the main result, Theorem 11.11 concerning the existence and uniqueness of solutions are 
formulated. The proof of this theorem is then given in Sections El HI El El and [71 The 
proof of Theorem 11.31 is given in Section El The final two sections are devoted to the 
proofs of Theorem 11.61 and Proposition 11.71 respectively. 
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2. Notation and conventions 

In this section, we shall introduce some notation and conventions that will be used 
in this paper. Let 1 < k < n be integers and x = (x 1 , . . . , x k , x k+1 , . . . , x n ) denote 
coordinates in IR n = ~R k x IR n-fc . We shall use the following conventions. Small Latin 
letters etc. will run over the set {1, . . . ,n}, capital Greek letters A, V, etc. will run 
over {1, . . . , k}, small Greek letters etc. will run over {k + 1, . . . , n}, and capital 
Latin letters A, B, etc. will run over {1, . . . , m}. Thus, we shall refer to the coordinates 
as x l , and x A can be used as coordinates on the initial fc-plane {x a = x^} in the Cauchy 
problem (II. II) . The unknown function will be denoted u A . We shall use the notation 

A _ du A 

The right hand side of the system of partial differential equations in (11.11) will be denoted 
by F A (x\p B ,p B ) with the notation introduced in (11.71) . The Cauchy problem (11.11) can 
now be written as 

u A = F A (x\u B ,u B " 

u A (x A ,x%) = a A (x A ) 

the point (xo,po,p' Q ) as ((x l )o, (p A )o, (Pa)o), and the condition (11.2ft as 
(2-2) (a A (x r ),a A (xl)) = ((p A ) ,(p A ) ). 

We shall use the following notation for the derivatives of F A 

P i dFg d F a vAA dF a 

r ™ •— — •— ~ ^ i r „, 



(2-1) \ A A A A , A = l,...,m, a = fc + l,...,n, 



m " dx i ' aB ' dp B ' aB ' dpi ' 

We will also use the summation convention that an index that appears both as a sub- 
and superscript is summed over. The functions in ( 11. 61) appearing in the compatibility 
conditions (11.41) and (11.51) can now be written in the following way 

(o *\ (b A ■- F A + F A W B _i_ p A ^(F B + F B n c ) ty ArA — F AT F BA + F AA F Br 

3. Solvability and compatibility conditions 

We keep the notation introduced in the previous section. We begin by proving the 
implication (i) ==>■ (iii) in Theorem ll.il 

Proof of (i) =>- (iii). If 11^(3;') is a solution to (12.1ft . in particular, of the equation 
(3.1) u A (x*)=F A (x\u B (x*),u B (x*)), 
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then, by differentiating with respect to x A , we obtain 
(3-2) u A A = F A A + F A B u B K + F^ A . 

Similarly, differentiating ( 13. ip with respect to ar, we obtain 
(3-3) u% = F A + F A B uf + F££v? p . 

By substituting for u^p in (I3.3P using (13. 2p (and the symmetry in Y and /3), we obtain 
(3-4) u% = F A + F*uf + Ff B {F* v + + F™u c nr ). 

In particular, since the left hand side is symmetric in a and (3, it follows that the right 
hand side is also symmetric. Fix a point ((x l )o, (p A )o, (Pa)o) £ U. By assumption, the 
Cauchy problem (12. ip has a unique solution for any Cauchy data a A (x A ) satisfying (12. 2p . 
We choose the data a A such that the second derivatives a A r (x A ) vanish for all A, f2, and 
T. Evaluating (13.41) at and using the facts that 

(3.5) = a A (x A ) = (p A ) 

we conclude that the quantity 



(3.5) u A {x^ = a A {x A ) = (p A ) , <K) = a A (x A ) = (p A ) , «4) = a A r {x 



o 



(3-6) F A + F A B p» + F A B (F» + Fp C Pf ) , 

evaluated at the point ((x 1 )q, (p A )o, {p A )o), is symmetric in a and (3. Since the point 
((x l )o, (p )o, (Pa)o) was arbitrary in [/, we conclude that (11.41) holds identically in U. 

To prove (11.51) . we again fix a point ((a: l ) , (p A )(b (Pa)o) ^ ^ an d choose the Cauchy data 
a A (x A ), satisfying (12. 2p . such that the second derivatives a^r^o) are ec L ua l to arbitrary 
chosen real numbers q A T with q A T being symmetric in fl and T. Evaluating (13.41) at {x % )q 
and using the symmetry of (11.41) in a and (3 as well as (13.51) . we conclude that 

(3-7) {F£F$ - F A EF™)qg T = 0. 

The symmetry condition given by (II. 5p now follows, since the q^ r (symmetric in Q and 
T) and the point (xq, (p )o, (p A )o) G U are arbitrary. This completes the proof of (i) =>- 
(iii). □ 

Proof of (ii) -<=>- (iii). In order to prove the equivalence (ii) (iii), we shall need the 
following proposition. 

Proposition 3.1. Let ((x*)o, (p A )o, (Pa)o) £ U and a A (x A ) be real- analytic initial data 
defined in a neighborhood of(x A )o satisfying (12.21) . Then u A (x l ) is an approximate solution 
to (12.11) at (x l )o if and only if the following equalities hold: 

u = a , u r = a r , u rn = a T Q, 

u A = F A 

y } n, A - F A M F A n B M F AF n B 

0I A TpA I rpA rpB I pArVpB , P B _C i pBUC \ 
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where all the u A (resp. a A , resp. F A ) and their derivatives appearing in the right hand 
sides of (13.81) are evaluated at the point (x l ) (resp. (x A ) , resp. {{x l )o, {p A )o, (p A )o))- 

Proof. Clearly, the first row of equations in ( 13. 8ft is equivalent to the initial condition in 
(II. 3p . Now, proceeding as in the proof of (i) ==>■ (iii) above, it is straightforward to verify 
that satisfies the first row in (II. 3p if and only if the remaining equations in (13.81) 

hold. This completes the proof of Proposition 13.11 □ 

The following proposition follows immediately from Proposition 13.11 by similar argu- 
ments to those used to prove (i) ==>■ (iii) above. 

Proposition 3.2. Let ((x l ) , (p A )o, (p A )o) £ U. Then, the following are equivalent: 

(ii') The Cauchy problem (12.11) is approximately solvable for every initial data at 
((*<)(>, Mo, (p£)o). 

(iii') The functions F A satisfy the compatibility conditions (11.41) and (I1.5P at the point 
((^0,(^)0,(^)0). 

Clearly, the equivalence (ii) •<=>■ (iii) in Theorem 11.11 is a direct consequence of Propo- 
sition [372] by letting the point ((x l )o, (p A )o, {p A )o) vary in U. □ 

4. Approximate solvability with respect to a slope 

We begin this section by considering a somewhat more general system of first order 
partial differential equations, using still the conventions introduced in previous sections: 

(4.1) G A (x\ u B , uf ) = 0, a = k + 1, . . . , n, A = 1, . . . , m, 

where G A are real-analytic functions defined in an open subset V of M. n x R m x IR nm and 
{{x^q, (p A ) , (pf)o) e V is such that G A {{x%, (p A )o, (pf)o) = 0. Let M a /c-dimensional 
(real-analytic) submanifold in IR n through xq whose tangent fc-plane P at xq is given by 

(4.2) P = T X0 M = {x l : (x> - 4)^ = 0, (3 = k + 1, . . . , n}, 

where £@ := (^f )i=i,..., n are linearly independent vectors in IR n . We shall say that M is 
non- characteristic at ((x l )o, (p A )o, (p A )o) f° r the system (14.11) if the m(n — k) x m(n — k) 
matrix W := (W^f), where A, B run over {1, . . . m} and a, (3 over {k + 1, . . . , n}, is 
invertible with 

(4-3) <f := G%((x%, (p A ) , (p A ) )^, 

where we continue using our convention that adding extra indices corresponds to deriva- 
tives, i.e. GJ B is the derivative of G A in p?. 

Proposition 4.1. Suppose that a k-dimensional real-analytic submanifold M of R™ 
through xq is non- characteristic at ((x l )o, (p A )o, (pf)o) for the system (14.11) . Then after a 
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real- analytic change of coordinates in M. n near xq preserving xq, M can be written near 
x as {x: x a = Xq, a — k + 1, . . . , n} and the system (14. ip near ((x l ) , (p A )o, (p A )o) as 

(4.4) i4 = F£(x i ,u B ,v%), A = l...,m, a = k + l,...n, 



where F A (x\p B ,p B ) is real-analytic near the point ((x*) , (p A )o, ip A )o) w ^h (p A )o — 
F A ((x%,(p B ) ,(p B ) ). 

Proof. Let be as in (14.21) and (£ A ) be further vectors in IR n such that the collection 
(£*) forms a basis for R™ and let £ denote the invertible n x n matrix whose i-th row 
equals £\ Then there exists a real-analytic change of coordinates near xq of the form 

(4.5) := 4 + c; (•'••' - 4) + o(J2 W - 4\ 2 ), 

j 

such that M near x is given by where x l = x l . Let rj denote the inverse of the 

matrix £. Then, an application of the chain rule shows that in the new coordinates, the 
system (14.11) takes the form G A (x\u B ,u B ) = 0, where 

(4.6) G A (x\p B ,p B ) = G A (xl + rfj{x j - x^p B ^{p B ) + 0(£ |rf - xtf). 

j 

Note that G A ^((x z ) , (p A )o, (p A )o) — W^^, the latter given by (14.31) . Thus, the conclusion 
of Proposition 14.11 follows immediately from the implicit function theorem. □ 

To prove (ii) (i) in Theorem 11.11 we shall need some further preliminary material. 
Let F A be as in previous sections, ((x*)o, {p A )o, G°a)o) be a point in U, (c%) be a real 
(n — k) x k matrix, and PcR™ the fc-plane through the point xq given by 

(4.7) P := {x : x a = a£ + c%{x K - x%), a = k + 1, . . . , n}. 

Note that P, given by (14. 7p . is non-characteristic at ((x 1 )q, (p A )o, (pf)o) with (p A )o = 
F a ((x 1 )q, (p A )o, (Pa)o) f° r the system (14. 4p if the m{n — k) x m{n — k) matrix V := (V^f) 
(where as before A, B run over {1, . . . m} and a, (3 over {k + 1, . . . , n}) is invertible with 

(4-8) V£f := 8 A 8i - F A i((x%, (p A ) , (p A ) )cl 

where 5* is the standard Kronecker delta symbol. In this case, we shall say that the slope 
(c%) is non-characteristic at ((x l )o, (p A )o, G°a)o) for the system (I4.4p . 

For non-characteristic slopes (c%), we shall consider the Cauchy problem for 

(4.9) u A = F A (x\u B ,u B ) 

with data on the tilted fc-plane (14. 7p . We shall say that this Cauchy problem with respect 
to the (non-characteristic) slope (c A ) is approximately solvable for every initial data at 
((x l )o, (p A )o, G°a)o) if, for every real-analytic a (x A ) defined in a neighborhood of (x A ) 
and satisfying 

(4.10) a A (xl) = (p A ) , a A (x r ) = (p A ) + F A ((x% (/) , (^)oK, 
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there is an approximate solution u (x l ) at xq to the Cauchy problem 

{A t?Ai i B B\ 
u a =F a {x ,U ,U T ) 
u A (x A , x? + 4(x r - 4)) = a A (x A ). 

(That is, the first equation in (14.111) holds up to order 1 at (x l ) and the second up to order 
2 at (x A ) .) Note that (14.101) is a modification of (12. 2p corresponding to the tilted plane 
(14. 7p . This choice also has the effect that the definition of approximate solvability with 
respect to a slope is invariant under linear changes of coordinates. In the terminology of 
the previous section, the approximate solvability of the Cauchy problem corresponds to 
that with respect to the slope (c A ) with c A = 0. 

The following statement relates approximate solvability with respect to different slopes 
and is of independent interest. 

Proposition 4.2. The Cauchy problem for H4.9[) with respect to a fixed non- characteristic 
slope is approximately solvable for every initial data at ((x*)o, (p A )o, G°a)o) if o^nd if it is 
approximately solvable for every initial data at ((x*)o, (p A )o, (Pa)o) witti respect to every 
non- characteristic slope. 

Proof. We observe that all results proved so far also hold in the complex-analytic setting, 
i.e. by letting the variables (x\p B ,p A ) be complex and the functions F A , u A , and the 
initial data a A be holomorphic with respect to their arguments. In this proof, we shall first 
consider this complex setting. Thus, all variables will be understood to be complex and 
all functions holomorphic. Let a A (x A ) be any data satisfying (I4.10p . As in Proposition [3J] 
and its proof, a function u A (x l ) is an approximate solution to (14. lip at ((x % ) , (p A )o, (p A )o) 
(for a A satisfying (I4.10p ) if and only if the following equalities hold: 



A _ A A , F A a _ A A , A J3 , A a , A a J3 _ A 

— a , u r -i- r a c T — o r , o Ar -+- u A/3 c T -+- a aF c A -\- u aj3 c A c r — o Ar 

A _ t?A 



(4.12) 



<K = F A A + F A B (p B A ) + F£v» A 
ute = F A + F A B F* + F A E(Fg r + F»(p% + F™u? 



L af3 — 1 a/3 ~ 1 aB ' aB \ (5T ' PC\PT JO ~r 1 /3C U QAJ i 

where all the u A (resp. a A , resp. F A ) and their derivatives appearing in the right hand 
sides are evaluated at the point (x l ) (resp. (x A ) , resp. ((x l ) , (p A )o, (Pa)o))- We observe 
that, for small values of the slope c A , there is always a unique solution to (14.121) consisting 
of the value of u A and its derivatives up to order 2 at xq. To see this, notice that 
the system is trivial to solve when c A = 0. As in the proof of (i) =^ (iii) above (cf. 
Proposition 13.21) . we see that for (c A ) sufficiently small, (14.121) implies (11.41) and (II. 5p . 
Indeed u a p = up a implies the symmetry in a and (3 of the right-hand side of the last 
identity in (14.121) . Furthermore, for c A small, as the a Ar vary over all possible choices, 
so do the u Ar satisfying (I4.12p . Hence we obtain the compatibility conditions (11.41) and 
(USD at ((x%, (p%, (p A ) ). Vice versa, if (H2D and JTSD hold at ((x% (p A ) , (p£) ), the 
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right-hand side of the last identity in (14.121) is always symmetric in a and (3. Hence the 
system ( 14.12)) is always solvable in u A r , u A A , u A q for c\ small. 

In particular, we conclude that approximate solvability for every initial data at 
((x*) , (p A )o, (P\)o) with respect to one sufficiently small slope (c^) is equivalent to 
approximate solvability for every initial data at ((V) , (p A )o, (p A )o) with respect to 
every sufficiently small slope (c A ). We claim that this fact implies that the set S of all 
non-characteristic complex slopes (c%) with respect to which approximate solvability (for 
every initial data) holds at ((x J ) , (p A )o, (p A )o) is open and closed in the space of all 
non-characteristic slopes. Indeed, given any non-characteristic (c^), then, after a linear 
change of coordinates of the form x A = x A , x a = x a — c^(x A — x A ), the initial fc-plane 
( 14. 7p becomes {x a = x 1 ^} and the system of differential equation (14. 9 p can be written as 
u A = F A (x\ u B , u B ) by Proposition 14.11 Since approximate solvability with respect to 
slopes is invariant under affine changes of coordinates, the observation above shows that 
S is both open and closed in the space of all non-characteristic slopes. Now, observe 
that the set of all non-characteristic slopes is Zariski-open in the space of all complex 
(n — k) x k matrices. In particular, this set is connected, which by the above proves that 
the set S is either empty or equals the whole set of non-characteristic complex slopes. 
By specializing to real non-characteristic slopes, the proposition follows. □ 

5. Exterior differential systems and integral manifolds 

In this section, we shall reformulate solvability of the Cauchy problem (12. ip in terms 
of the existence and uniqueness of integral manifolds for an exterior differential system. 
The reader is referred to the text [B CG 3 9l] for further details of the theory of exterior 



differential systems and their integral manifolds. We here briefly recall the needed ter- 
minology in the real-analytic case. On a real- analytic manifold X, consider the graded 
ring of all real-analytic exterior differential forms (of any degree) on X with respect to 
the exterior product. That is, an element of the ring is a (formal) finite sum of exterior 
forms of different degrees. A real-analytic exterior differential system is any differential 
ideal X in this ring, i.e. any algebraic ideal that is closed under exterior differentiation. A 
real submanifold S C X is an integral submanifold of X if every element from X vanishes 
when restricted to S. Here a formal sum of exterior differential forms of different degrees 
is said to vanish on S if each homogeneous component of the formal sum does. 
Now consider a solution u A (x l ) to the system of partial differential equations 

(5.1) u A {x*)=F A {x\u B {x l ),u*{x% 

with F A being real-analytic in an open subset U cM. n x M. m x M fcm . Then its jet-graph 

(5.2) S u a := {(x l ,p B ,pf) : p B = u B {x l ), pf = uf (x*)} C W n x W m x R nm , 

is an integral submanifold for the exterior differential system X generated by the forms 

(5.3) p A -F A (x\p B ,p B ), dp B -p B dx\ 
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defined in 

(5.4) U :=U x R("" fc ) m c R n x R m x R nm . 

Conversely, if S C U is an integral submanifold of X such that dx 1 A ... A dx n ^ 
everywhere on S, then S is automatically n-dimensional and is locally a jet-graph S u a of 
a solution u A (x l ) to ( 15. ip . 

The differential ideal X is generated algebraically by the differential forms 



(5.5) 



J a 


■■=pt-F*(x\p B ,p*) 








:=dp A -pfdx\ 


w 


■= - dr] A = dpf A dx 1 



For convenience of notation, we shall write z = (x i ,p B ,pf) and hence Zq will denote the 
point ((x%,pd,(p?)o). 

Recall that if E is a linear /-dimensional subspace of 7 1 2 R™+ m + nm ; then E is called an 
integral element of X if for all p-forms <fi G X, we have </>(vi, . . . , v p ) — for all v±, . . . , v p £ 
i£. If is an integral element, then its polar space (with respect to the differential ideal 
X), denoted by H(E), is given by 

(5.6) H(E) := {v G T z R n+m+nm - (j>{v,e x , . . . , e t ) = 0, V(Z + l)-forms in X}, 
where ei, . . . , ei is a basis for E. 

Remark 5.1. It follows directly from the definition that if E is an integral element, it is 
always contained in H(E') for any E' C E. 

We shall use the following elementary lemma, whose proof is left to the reader. 

Lemma 5.2. Let E C T z R n+m+nm be an integral element of I. Then, a vector v is in 
H(E) if and only if 

(5.7) lo a (v) = 0, r] A (v) = 0, n A (v, e) = 0, Ve G E. 

We shall also need the following proposition. 

Proposition 5.3. Let E C T z M. n+m+nm be an integral element. Assume that there are 
vectors V\, . . . , Vj~ G E such that 

(5.8) (dx 1 A... Adx k )(v u ...,v k ) ^0 

and such that the push forwards of these vectors by the projection n: R"+ m + nm _ » 
given by n(x\p A ,p A ) = (x l ), span a non- characteristic k-plane of ( 15.11) at z. Then 
dimH(E)<n. 
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Proof. The assumption (15.81) is equivalent to the fact that there are k vectors in the span 
of Vi, . . . , Vk of the form 

(5-9) e A = ^- + e«® + e A ®+4 



dx A A dx a A d P A AJ a P f 

The assumption that the span ofv\,...,Vk projects onto a noncharacteristic /c-plane means 
that the slope (c^) := (e^) is noncharacteristic at z, i.e. the matrix (14.81) is invertible with 
( c a) := ( c a)- Let v be given by 

(5-10) ^d^ + d^ + dj ° 



dxi dp A 3 dpf 

By Lemma 15.21 if v belongs to H(E), then (15. 7\\ holds, in particular, for all e = e\. A 
straightforward calculation shows that the equations (15. 7p with e = e\ are given by 

^(v) = d A - d?F A - d B F A B - d B F A £ = 
(5.11) rj A {v) = d A - d'pf = 

n A (v,e A )=d A + d A e a A -eid i = 0. 

If we now solve for d A in the second line of (15. lip , for d A in the third line, and substitute 
the result in the first line, we obtain equations for d A of the form 

(5-12) ViSZ-Fgefotf = Rt 

where the R A depend only on the d l . Since the matrix (14.81) is invertible with (c^) := (e^), 
we conclude that we may solve (I5.12p for d A in terms of the d % . By substituting back into 
the previously solved equations, we conclude that the coefficients d A , df are all determined 
by the coefficients d l . This proves that dim if (i?) < n. □ 

For zq := ((x*) ,p^, (pf )o) £ U (given by (I5.4p ). let u A (x) be a real-analytic function 
satisfying u A (x ) = (p A )o and u A (x ) = (pf )o- Denote again by S^a its jet-graph, given 
by (15.21) . Observe that the exterior forms r] A and Q A = dr] A in (15.51) vanish identically 
on the (any) jet-graph S u a. Also, note that u is an approximate solution to the system 
(15. ip at Xq if and only if the restriction of the functions f A in (15.51) to S u a vanishes up to 
second order at z (see (11.31) ). Consequently, u A is an approximate solution to the system 
(15. ip at Xo if and only if the tangent space T Zo S u a is an integral element of the differential 
ideal X generated by (15.51) . Summarizing and using Remark 15. 1[ we obtain the following 
proposition. 

Proposition 5.4. Let z := ((i ! ) 0) p^ (pf ) ) G U and assume that S u a is a jet- graph 
through zq of an approximate solution u A to (15.11) at xq. Then T Zo S u a is an integral 
element of I. If E C T Z() S u a, then T Zq S u a C H(E). 

Combining Propositions 15.31 and 15. 4[ we obtain the following: 
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Corollary 5.5. Let zq := ((x i )o,p^, (pf )o) £ U and assume that S u a is a jet-graph through 
z of an approximate solution u A to (15. ip ai Xo- If E C T Zq S u a and the assumption of 
Proposition 15. 3\ holds, then T Zq S u a = H(E). 



Before entering the proof of (ii) ==>- (i) in Theorem ll.il we shall need one more result. 

Proposition 5.6. Assume that property (ii) of Theorem \1.1\ holds. Let zq : = 
{{x 1 )o,Pq, (jpf )o) G U and E C T Z0 W n+m+nm be an integral element of I. Assume that 
there are vectors vi, . . . , Vk G E such that (15.81) holds and such that the push forwards of 
these vectors by the projection tt: ^ n + m + nm _ > given by n(x\p A ,p A ) = (x l ), span 
a non- characteristic k-plane of (15. ip at z . Then there exists an approximate solution 
u A (x l ) to ( 15. ip at xq such that its jet graph S u a contains zq and E C T Z0 S u a. 

Proof. After replacing the k vectors Vi, . . . ,Vk by suitable linear combinations, we may 
assume that there are vectors ei, . . . , e& of the form (I5.9P whose push forward via 7r span 
a non-characteristic /c-plane in M n . The latter condition is equivalent to the slope (c^), 
given by c\ = e^, being non-characteristic at zq. As in the proof of Proposition 14.21 
we make the linear change of coordinates x A = x A , x a = x a — c^(x A — x A ) and observe 
that, in the new coordinates, the system of differential equations (15.11) can be written as 
u A = F A (x\u B ,ttf) by Proposition 14. II and the Cauchy problem for this equation is still 
approximately solvable for every initial data at ((x l ) , (p B )o, (Pa)o) m view of Proposition 
14.21 Hence, without loss of generality, we may assume that the k vectors are of the 
form 

d d d 

(5 - 13) eA = dx^ + eA dp~ I + e ^dpJ- 

The fact that E is an integral element implies, using the notation ( 15. 5p . that we have the 
relations 

V A M =e A ~ (p A ) = 
(5.14) fi A (e A ,e r )=e^ r -e^ A = 

ot [ e A> ~ e Aa ~ I ah ~ I a B e A ~ b aB e AT ~ U - 

We now consider the Cauchy problem (12.11) with initial data a A satisfying (12.21) and 
a A r ((x A ) ) = e A r . By assumption, this Cauchy problem has an approximate solution 
u A (x % ). Hence the identities ( I3.8P hold (when evaluated at suitable points as outlined 
below (13.81) ). Let S and S u a denote the corresponding jet graphs, i.e. the two manifolds 
parametrized near z , respectively, by the two maps $ : IR fc — > ^ n + m + nm anc l ^> : ]R n ^ 

TO n+m+nm gj ven 



(5.15) $(x A ) := ((x A ,x-),a A (x A ),(a A (x A ),F A ((x A ,x a ),a B (x A ),a B (x A )))), 

(5.16) := (x l ,u A (x i ),uf(x t )). 
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In the following we consider standard tangent vectors d/dx l £ T Xo M n . Making use of the 
equations (I5.14p . it is straightforward to check that we have 

<5>*(d/dx A ) = y*(d/dx A ) = e A , A = 1, . . . , k, 

with e\ being given by H 5 . 1 3 1) . Furthermore, we have 

(5.17) ea:=Md/dxn = JL + u AJL + u A A JL +u A () 



where the coefficients u A , u A j are evaluated at xq and satisfy the equations in (13. 8p . By 
the construction, the n vectors e\, . . . , e n from (15.131) and (15.171) form a basis for T zq S u a. 
In order to show that E C T Zq S u a, we let w be a vector in E, which is not contained in 
the span of ex, . . . , e^. Without loss of generality, we may assume that w is of the form 

for some real coefficients w a , w A , wf. The fact that E is an integral element implies, in 
view of (15.51) . that 

rf( w ) =w A - (p A ) w? = 0, 

(5.19) tt A (w, e A ) =w A - e A pW P = 0, 

=<- ~ F* B w B - F A lw* = 0. 

In Section [3] we have proved that (ii) implies (iii) in Theorem 11.11 i.e. we may assume 
that the compatibility conditions (11. 4ft and ( 11.5H hold. Now, a straightforward but tedious 
computation, using (13.81) to substitute in (I5.17p . and (15.141) and (I5.19P to substitute in 
(15.181) . shows that w = w a e a , which proves the desired inclusion E C T Zo S u a. □ 

6. Kahler ordinary and Kahler regular integral elements 

In this section, we recall the notions of Kahl er ordina ry and Kahler regular integral 
elements for an exterior differential system (see BCG 3 9lj ) and verify them for the ideal 



I introduced in the previous section. Let t £ M. N and T a family of germs at t of 
real- analytic functions vanishing at t . Recall that to is called an ordinary zero of JF if 
there are /i , . . . f K £ T such that 

(6.D Rk 

where % = 1, . . . , k, and j = 1, . . . , N, and the germ at to of the real- analytic set {t : f(t) = 
0, V/ £ J 7 } coincides with the germ at to of {t : fi(t) = . . . = f K {t) = 0}. 

For a fixed / > k, we shall use the following convention. Lower-case a, a', a", . . . run 
over the set of indices {1, . . . , k, . . . , I}, and b, b', b", . . . run over the complementary set 
{/ + 1, . . . , n}. (Note that if I = k, then the indices a, a' . . . run over the same set as the 
capital Greek indices A, T, . . ., whereas b, b', . . . run over the same set as lower-case Greek 
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indices a, (3, . . ..) Let z := {{x^q, (p A )o, {p A )o) with (p A ) = F^((z*) , (p B )o, (Pa)o) and 
assume that £q C 2^ o ]^ ri + m +™ m i s an /-dimensional integral element whose basis is of the 
form 

( 6 - 2 ) ^ + (c " )o ^ + (c i )o a^' a = 1 '-» i - 

For z := (x l ,p A ,pf), let G;(T 2 R n+m+nm ), for k < I < n + m + nm, denote the Grassman- 
nian of all /-dimensional subspaces of T z K. n+m+nm . Note that (zq, Eq) is a point in the 
Grassmannian bundle 

(6.3) X l := {(z,E): ze R n + m + nm , E G G,(T z M n+m+mn )}. 

For any (z,E) G Xi, sufficiently close to (zo,Eq), there is a (unique) basis for E of the 
form 

where e a G T z R n+m+nm and {z,c b a ,c A ,c A ) is close to (* , 0, {c A ) , (c£) ). The map 
(z, E) i— >■ (z,c b ,c A ,c A ) forms a local coordinate system for X; near (zqj-Eo)- Consider 
the family T of germs at (zq, 0, (cf ) , (c^)o) of real-analytic functions given by 



(6.5) 



ft 

si 



h 



a a 



v A - F A 

fa ± a i 

V A (e a ) = c A -p A -Ptcl 

(1 .A(~ \ _ A _ p A _ p A b _ p A B _ rpAT B 

^ A (e a , e a ') = c A a , + c A b c b a , — (c A , a + c A , b c b a ), 



where the F A and their derivatives are evaluated at the point (x\p B ,p B ), and r] a , u A , and 
Q A are the differential forms given by (15.51) . Observe that, by definition, an /-dimensional 
subspace E C 7 n 2 ]^ n + m + nm ) with (z, E) sufficiently close to (zq, Eq), is an integral element 
if and only if its local coordinate (z, c b a , c A , c A ) is a zero of the family T. 



Recall (see BCG 3 9lj ) that the integral element Eq of an exterior differential system is 



said to be Kahler ordinary if (zq, Eq) is an ordinary zero of the family of the functions of 
(z, E) obtained by evaluating /-forms from the system on the basis of E chosen as above. 
In fact, one can use any basis of E depending on (z, E) in a real-analytic fashion. Thus, 
in case of our system X, the element Eq is Kahler ordinary if (zq, Eq) is an ordinary zero 
of the family T given by (16. 5p . Further recall that an integral element Eq is said to be 
Kahler regular if it is Kahler ordinary and if the dimension of the polar spaces H(E) 
(defined by (15.61) ) is constant for all integral elements E C 7 1 z flj n + m + n,n ( Q f dimension /) 
with (z,E) sufficiently close to (zq,Eq). We have the following theorem, in which the 
notation introduced above is used. 
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Theorem 6.1. Assume that property (ii) of Theorem \1.1\ holds and let I > k. If E C 

rp^n+m+nm ^ s an an \ - &i mens i ona l integral element with (z, E) sufficiently close to (z , E ) 
in X[, then E is Kahler regular. 



For the proof of Theorem 16. 1[ we shall need the following lemma, whose proof is ele- 
mentary and left to the reader. 

Lemma 6.2. Let Vij(s), bi(s), fori = 1,...,M and j = 1,...,N 2 , be real-analytic 
functions in a neighborhood W of s £ R^ 1 . Denote by Q the collection of real-analytic 
functions in W x R^ 2 , affine in t = (t 1 , . . . ,t N2 ), given by Li(s,t) := Vij(s)P — bi(s) for 
i = 1, . . . , M. Assume that all functions in Q vanish at (s , to) f or some t £ R^ 2 and let 
A := {(s, t) £ W x R^ 2 : f(s,t) = 0, V/ £ Q}. If there exists an integer k>0 such that, 
for all Si £ W , dim{t : (si,t) £ A} = k, then (s ,t ) is an ordinary zero of Q . 

Proof of Theorem \6.1\ If we can show that E is Kahler ordinary, then it follows imme- 
diately from Corollary 15.51 and Proposition 15.61 that E is Kahler regular. Moreover, by 
definition, if Eq is Kahler ordinary, then E is also Kahler ordinary when (z, E) is suffi- 
ciently close to (zo,E ). Thus, it suffices to show that E is Kahler ordinary. For this, 
we shall make use of Lemma 16.21 with Q being the family T given in the local coordi- 
nates (z,c^,c^,c^) by (16.51) . Recall that z = (x\p A ,pf). We split the local coordinates 
(z,c b a,c£,c£j) into (s,t), with s = (x\p A ,pi,c b a ) and t = (p«,c^,cj), and take (s ,t ) to 
be the local coordinates of the point (zq, Eq) £ Xi. Observe that the functions in T are of 
the form required by Lemma 16721 i.e. affine in t. Thus, to prove Theorem 16. II it suffices to 
show that the dimension of the affine planes {t : (si,t) £ A} is constant in s\, for Si close 
to s - Let us fix si = (p A )i, (P\)i,c b a ) close to s . As in the proof of Proposition 

I5.6[ consider the Cauchy problem (12.11) with (I2.2p satisfied, where ((x l ) , (p A )o, (Pa)o) i s 
replaced by (p A )i, (Pa)i)- By assumption, this Cauchy problem has an approximate 

solution u A (x % ) at x\ := {x l )\. By Proposition 13. 1[ the derivatives of u A at x\ satisfy (13. 8p . 
The jet graph of u A is parametrized by the map \I/ given by (I5.16p . A straightforward 
computation, as in the proof of Proposition I5.6[ shows that 

e A :=*. (d/dx") + ut^L + <v JL + {F A A + F A bU b + F a « r ) A, 

(6-6) d d d" d 

e a (d/ dx ") = ^r a +u A — A+ ui^ + 

where the d/dx l are tangent vectors at the point x\ £ R n . Recall that the coefficients u A , 
u tj appearing in (I6.6P are evaluated at x\ and hence, in particular, u A = (p A )i- Moreover, 
these coefficients satisfy (I3.8p . and hence we can think of them (and also then of the Ci) 
as functions of a A r . Let z\ denote the point 

(P A )U (pt)uF A ((x*) u (p B ) 1: (p^)) £ 
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We observe that each G T Zl M n+m+nm in §M> is an affine function of (af r ) G R" 1 *^ 1 )/ 2 , 
i.e. ej = ej(a^ r ), and that the functions = eQ(a^ r ) are injective. Consider the map 
sending (a A r ) G R mfe ( fc + 1 )/ 2 to the point {z u E) G Xj, where £ C T 2l M n+m+nm is spanned 
by the / vectors e a := e a + c b a eb- Observe that E is a subspace of T Zi S u a, where S u a 
is the jet graph of the approximate solution u A , and hence is an integral element of I. 
Using the local coordinates (s,t) on Xi introduced above, the mapping (a A r ) l— * ( z iiE) 
satisfies s = sj and its t-component, t = t(a A r ), is affine. Moreover, as the reader can 
verify, the map t = t(a A T ) is injective when the c b a are sufficiently small. By Proposition 
15.61 any /-dimensional integral element E C T zl M n+m+nm with (z±,E) close to (zq,Eq), is 
contained in T Zi S u a, where S u a is the jet graph through Z\ of an approximate solution u A 
at X\. Consequently, for each S\ close to s , the space of all /-dimensional integral elements 
(z, E) with coordinates (si, t) is parametrized by the affine map {a A r ) i— > (si, t(a^ r )) and 
hence its dimension is k = mk(k + l)/2. By Lemma f6.2[ (so,io) * s an ordinary zero for 
JF, which completes the proof of Proposition 16.11 □ 

7. Proof of (ii) =^ (i) in Theorem 11.11 

We note that it suffices to prove that the Cauchy problem ( 12.1 ft is solvable 
at ((V)o, {p B ) , (pf)o). We let 5 C be the submanifold through 

:= ((^)o, (p )o, (Pa)o, b«)o), with (p^) := F^((V)o, (p B ) , (pf) ), parametrized 
by $: 1/ — » ]R n + m + ?im ' ; where V is a sufficiently small open neighborhood of (x A )o in M k 
and 

(7.1) $(a; A ) := ((x\x a ),a A (x A ),(a A (x A ),E A ((x\x«),a B (x A ),a*(x A )))), 

where a A (x A ) is the Cauchy data in (12.11) satisfying (12.21) . Since the forms (I5.3P vanish 
when restricted to Sq, the latter is an integral submanifold for the differential ideal I 
introduced in Section [5) Let E be the tangent space T Z0 S , and observe that E is an 
integral element of dimension / = k with a basis of the form (16. 21) . By Theorem 16. 1[ the 
integral element E := T z Sq is Kahler regular for every z G Sq with z sufficiently close to 
zq, and dim H (E) = n (by Corollary 15.51 and Proposition 15.61) . Recall that an integral 
submanifold is called Kahler regular if its tangent space at every point is Kahler regular. 
In view of the above observation, Sq is Kahler regular in some neighborhood of Zq. Let 

Rx := {(x\p A ,p A ) G W n+m+nm : x k+2 = x k +2 , ...,x n = x%}. 

Note that R\ has codimension r = n — k — 1 and is transverse to H(E), for all E = T z Sq 
for z G Sq near zq, by Corollary 15.51 and Proposition 15.61 (Indeed, H(E) is a graph over 
T X .R™, being a tangent space of the jet graph of an approximate solution, and the variables 
(p A ,pf) are free in Ri.) By the Cartan-Kahler Theorem (Theorem 2.2 in |BCG 3 9lj ). there 
exists a real-analytic integral submanifold Si of dimension I — k + 1 through z such that 
So C Si C R\. By Proposition 15.61 the tangent space T 2Q Si is contained in T zq S u a 
for the jet graph S u a of some approximate solution u A (x l ) at x . Since the projection 
7r: u n + m + nm _ » u n restricted to S u a is a diffeomorphism, we conclude that the projection 
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7T restricted to Si near zq is a diffeomorphism onto a (k + l)-dimensional submanifold 
through xq in M™. Since Si is also contained in Ri, we conclude that T ZQ Si has a basis of 
the form (16. 2p . Hence, it follows that Si is Kahler regular near zq by Theorem 16. 1[ and we 
have dimH(T z Si) = n for every z G Si near z (again by Corollary 15.51 and Proposition 
15. 6p . Repeating the argument with S replaced by Si and Ri replaced by 

R 2 :={(x\p A ,p?) E x k + 3 = x k +\ . . . ,x n = a#}, 

we obtain a real-analytic integral submanifold S 2 of dimension I = k + 2 through z such 
that S C Si C S 2 C i?2- Again, T Z0 S 2 has a basis of the form (16.21) . S 2 is Kahler regular 
near zo, and we have dim H (T 2 S 2 ) = n for z G S 2 near We continue this process, 
inductively producing integral submanifolds whose dimensions increase by one at each 
step. The process will end after n — k steps with an n-dimensional real-analytic integral 
submanifold S := S„_fc through z with the property that the projection it: ^ n + m + nm _ » 
]R n restricted to S is a diffeomorphism, i.e. dxi A ... A dx n ^ on S. As observed in the 
beginning of Section^ this produces a real-analytic solution to the Cauchy problem (12. ip . 
The uniqueness of the solution follows easily from a standard power series argument. The 
details are left to the reader. This completes the proof of the implication (ii) ==>- (i) in 
Theorem 11.11 □ 



8. A system of Monge- Ampere type 

Let u{x l ) be a real-valued function defined near the origin in M n . Denote by Hu(x l ) the 
Hessian of u, i.e. the symmetric n x n-matrix of second order derivatives (iiy)" - =1 . As an 
application of Theorem 11.11 we shall give a construction of all real-analytic, real- valued 
functions u defined near in W 1 such that the rank of Hu is identically one. We shall 
restrict our attention to those u for which 

(8.1) S(u):=u u 

satisfies 5(u)(0) ^ 0. Clearly every u with nonvanishing Hu at can be put into this form 
by a linear change of coordinates in R n . Recall, from the introduction, the differential 
operators A a p given by the 2 x 2-minors 

(8.2) A^(«):=det(^ 

for a, j3 G {2, . . . , n}. (We will continue to use the notation and conventions established in 
previous sections with k — 1.) Observe that A a p(u) = Ap a (u). The following statement 
is a consequence of a standard linear algebra argument: 

Proposition 8.1. Let u be a real-valued, real-analytic function defined near in M. n . 
Assume that 5(u)(0) ^ 0. Then, the rank of Hu is identically one near if and only if 
A a /3(u) = for all a, (3 G {2, . . . , n}. 
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To find all real-analytic u such that the rank of Hu is identically one and S(u)(0) 7^ 0, 
we shall consider the overdetermined Cauchy problem 

(8 3) { Aa/?(M) = °' a (3-2 n 

[ 0) = a(x 1 ), u a (x 1 , 0) = a a (x 1 ), 

where the n functions a(x 1 ), a a (x l ) are real- valued and real-analytic near in EL In order 
to ensure that 5(u)(0) ^ we shall require a"(0) ^ 0. We shall in fact consider the more 
general Cauchy problem, as in Theorem 11.31 

fo ,x ( A a(3 (u) = f a/3 (x J ,u n ), 

(8.4) < , , , , a, 8 = 2, . . . ,n, 

where the f a p{x^t), (x J ) , a(a; 1 ), and a a (x l ) are as in Theorem 11.31 Naturally, we have 
to impose the symmetry condition f a p = fp a . We now give the proof of Theorem 11.31 

Proof of Theorem ! 1.3[ We shall reduce the Cauchy problem (18.41) to a Cauchy problem 
for a system of first order partial differential equations of the form ( 12. ip . and verify that 
the compatibility conditions of (iii) in Theorem 11.11 are equivalent to the f a @ being of the 
form f a p(xi, t) = g a p{x^)t with g a @ satisfying (11.111) . The conclusion of Theorem 11.31 then 
follows from Theorem 11.11 In the notation used in Theorem 11.11 we let m = n + 1 and, 
for a real- valued u, we define u A , 1 < A < n + 1, as follows 

(8.5) u 1 :=«, = —, 1 < i < n, u n+l := u. 

ox 1 

We define, for a vector valued function u % with 1 < i < n, the first order differential 
operators 

(8.6) A2(ti*) := det M U } 

for a, 3 6 {2, ... , n}. By construction, a solution u to the second order Cauchy problem 
(18. 4p yields a solution u A , via (18. 5p . to the first order Cauchy problem: 

< = «?, 

Aj(«0 = /<tf(^.«i), 

< +1 =M a , a,/3 = 2,...,7l. 

m^x 1 ,^) = a^x 1 ), {^"(x^Xq) = a Q (x 1 ), 

Note that we did not include the equation = u 1 which does not contain a derivative 
transversal to the line {(a; 1 ,^^)}. However, it actually follows from other equations. In 
fact, we have the converse: 



(8.7) 
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Lemma 8.2. If u A , 1 < A < n + 1, is a solution to the Cauchy problem (18.71) . then 
u := u n+1 is a solution to the Cauchy problem (18.41) (as a germ at (x^q). 

Proof. Clearly, u := u n+1 satisfies the boundary condition (i.e. the last line) in i\8A\\ . Thus, 
to prove the lemma, we must show that A a/ 3(u) = f a p{x 3 ,un). To do this it suffices to 
show that 

U a /3 = Up, 

(8.8) Uifl = «i, U a l = 

MH = u{, 

since this implies A a p(u) = A^(w l ) = f a p{x^uxi). The first two lines in ( 18. 8ft follow 
directly from the differential equations in (18 ,7p (using the symmetry of u a p in a and f3). 
To check the remaining identity in (18.81) . we observe that the initial data conditions in 
(18. 7p imply that it holds when x a = Xq. On the other hand, by differentiating the first 
and third lines in (18. 7p . we obtain 

and, hence, (tin — u\) a = 0. Since U\\ = u\ when x a = Xq, we conclude, by a uniqueness 
argument, that the identities in the last line of (I8.8P hold. This completes the proof of 
the lemma. □ 

We now observe that the Cauchy problem (18 ,7p decouples into the two Cauchy problems 

< = uf , 

1.9) { tf a {u i ) = f a {x\u\), a,/? = 2,...,n, 

u l {x^ , Xq ) = a^x 1 ), 



and 



< +1 = u a 



u 



(x\xq) = a(x x ), 



where the Cauchy data a 1 in (18.91) are taken to be a 1 := a' and a a := a a , and the right 
hand side fg := f af3 . 

Proposition 8.3. Let f@(x\t), for 2 < a, (3 < n, with n > 2, be real-analytic functions 
in a connected open subset U x V C M. n X (R \ {0}). Then the following two conditions 
are equivalent: 

(i) For any choice of real-analytic Cauchy data a l {x 1 ) near xq in U such that (a 1 )'(xl) G V , 
there exists a unique real- analytic solution u^{x l ) near xq to the Cauchy problem (18.91) . 

(ii) The functions f& are of the form fP(x % ,t) = g^(x l )t with satisfying 



(8-11) <& = 0, gl p = gj a , a,(3,j = 2 



n. 
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Moreover, if f® = fa, then any solution u^{x l ) to (I8.9P satisfies = nP a for 2 < a,f3 



< 



n. 



Proof. Let us rewrite the differential equations in (18.91) explicitly in the form of (12.11) : 



a, 



u 



i • 



u 



2,...,n. 



In the second line, we have used the first line to replace by w". We remark that, in 
the notation of Theorem II. 1[ we have here m = n and k = 1, so that the indices A, B, 
etc. run over the set {1, . . . ,n} (i.e. the same index set as i, j, etc.) and A, T, etc. are 
all 1, and the right-hand side functions are given by 



§.13) 



F^x\p B ,pf)=p a 1 , F^(x\p B ,pf) 



VxPx + fl{x\p\) 



p\ 



We compute the derivatives of F A that appear in (jl.4p and (11.51) and that are not 0: 

7^7 foci ' Pi ) 



(8.14) 



at 

nil 

OtOt 



P\ 



^al 



01 



(P\) 2 

.P 



+ 



i i 
Pi 



F f3i = SayPl + <W>1 
Q 7 ^1 



Pi 



where 5 ai = 5^, denotes the Kronecker delta symbol. We remark that the compatibility 
conditions fll.4j) and (jl.5p simply say that the functions in their left hand sides (or, equiv- 
alently, the right hand sides) are symmetric in a and (3 for any A & {1, . . . , n} in the case 
of (11.41) . and for any A, C G {1, . . . , n} and T = A = 1 in the case of (II. 5p . We compute 
the left hand side of (11.4j) with A = 1 to obtain 



(8.15) 



„, - + + F£(i$ + 0) = Fp X = § 



Pi 



Next, we compute the left hand side of (11.41) with A = 7: 



(8.16) <D Q/3 _ + + i' aB (i' j81 + 0) - -j- + - -j- + j-j 



1^2 
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We now compute the left hand side of (11.51) with A = C = 1: 

/oi 7 \ vr,lll _0T? ll T? B1 — o P±El + i O ^Ql 

(W) 2 Pi 

The left hand side of (11.51) with A = 1, C = 7 is given by 

(8.18) *m = 2F n F ^ = 2^M, 

Pi 

and with A = 7, C = 1 by 

(p\) 2 



(8.19) lPl 



2p?pf P? + gig + gfjg P?/^ 1 + P?/j? 

(pj)3 + ( P \r 



and finally with A = 7 and C = A by 
(8.20) 

= 2^ 7 b^T = 2F£F$ + 2F£F% 

,7„a 1 ^7 ^7! 



PlP? + /J , Pal \ x , „ (<W + M?) ( Wl + 



( PiPl+JA 1 JqAr ^ 9 



1^2 



(p1) 2 Pi ; p (pD 
2 W?p? + + _ 2 ( Jl_ _ f£ u ;> 



Since n > 2, the expressions in (18.201) are symmetric in a and /? if and only if 

(pi) 2 pi 

or, equivalently, 



J Q 

Cfl I 



Pi 

The latter is an ordinary differential equation (with parameters x l ) whose solutions are 
of the form 

(8.21) f2(x\t)=gl(x% 
In view of (18.211) . the expressions ( I8.15l) - (18.20l) become 



(8-22) Kp = 9h Kfs=9l,+ 

Pi 



foooN xT ,lll 9 P?Pl m lU 9 ja7Pl±Wl , T ,7ll A PlPlPl 
(8.2d) V^j - - 2 Jplyi W a/37 - 2 -1 ' *a/31 = ~ A > 
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(a 0A\ ,T,7ll _ JaXPlPl + WlPl + ^\PlPl 

We note that all the expressions (I8.23l) - (l8.24p are symmetric in a and (3. If we take 
Pi = Pi = m the second expression in (18.221) . we see that this expression is symmetric 
in a and (3 if and only if g^p is. Now, we take = and p\ = 1 in the second expression 
in (18.221) . Since must be symmetric in a, (3, we conclude that must be symmetric 
in a, p. Finally, since gig and g^ x must be symmetric in a, /3, we conclude that vtdkx 
must also be symmetric in a, /3. However, since is a function of x % alone, this can 
only happen if gL = (where we again use n > 2). Hence, the implication (i) (ii) 
follows from Theorem 11.11 Moreover, if the conditions in (ii) are satisfied, then all the 
expressions ("18 . 1 5[) - ("18. 20[) are symmetric in a, (3 and, hence, the implication (ii) =^> (i) 
also follows from Theorem 11.11 If f* = f£, then the symmetry u% = u 1 ^ is immediate 
from the second line in (j8.12|) . □ 

We now complete the proof of Theorem ll.3l To prove (i) ==>- (ii), we first note that the 
symmetry f a/3 = f@ a obviously follows from (11.101) . We consider the first order Cauchy 
problem (18.91) with fg := f a p. Assume (i) in Theorem II .31 We claim that (i) of Proposition 
18.31 holds. Let a^x 1 ) be real-analytic Cauchy data near 2 in K with (a 1 )'(a;o) ^ 0, 
and let a(x l ) be a real-analytic function near xq such that a'(x l ) = a 1 (a; 1 ). Note that 
a"(xo) = (a 1 )'(s ) 7^ 0. We now let u(x % ) be the solution to the Cauchy problem (11.101) 
with Cauchy data a(a; 1 ) and a a (x l ) := a a (x l ) (that exists in view of our assumption). 
The gradient viP(x % ) := Uj{x % ) solves the Cauchy problem (I8.9p . Hence, by Proposition 
I8.3| the conditions in (11.111) must also hold. 

To prove the converse (ii) ==>- (i), we let a(x 1 ) and a Q (a: 1 ) be real- analytic Cauchy data 
near x in U such that a"(xg) G V. We define a 1 (x 1 ) := a'(x r ) and a a (x 1 ) := a a (x r ) 
and note that (a 1 )'(xo) ^ 0. We consider the Cauchy problem (18. 9p with f& := f a p and 
Cauchy data a^x 1 ) defined above. The conditions in (11.111) clearly imply those in (18. lip . 
Hence, by Proposition 18.31 the Cauchy problem (18.91) has a real-analytic solution v?{x l ) 
and since f@ = f%, we have = u@. Hence, the Cauchy problem (18.101) . with data a(x 1 ) 
as above, has a solution u := u n+1 . By Lemma [8.21 the real-analytic function u(x l ) is the 
solution to (18. 4p . This completes the proof of Theorem 11.31 □ 



9. Proof of Theorem 11.61 

In this section, we shall give the proof of Theorem 11.61 stated in the introducion. We 
retain the notation established in previous sections. We shall use x as local coordinates 
on E near 0. We choose as a normal to £ at a point (x, u(x)) the vector 



(9.1) 



N(x) := (Ui(x),-1) 
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and, hence, the Gauss map G : £ — > S n C IR n+1 is given by 

(9.2) G(«) - |||. 

Consider the mapping P: S n C\ {(x,y) G R™ +1 : y < 0} — > IR n given by 



(9.3) P(x, -VI - \x\ 2 ) : 



2 



Note that the mapping (x,—y/l — \x\ 2 ^ i— > (P(s),— 1) is the stereographic projection 
from the origin to the hyperplane {(x,y) G K n+1 : ?/ = —1}- Consequently, we conclude 
that P is a diffeomorphism and we have the identity P o G = Let T : (— e, e) — ► M. n , 
for e > sufficiently small, be the real-analytic curve T := Po (j\(_ e ^) through the origin 
in M. n . By assumption, T is of the form 

(9.4) T(t) = (ip(t),a 2 (t),...,a n (t)), 

with ip(Q) = 0, cp'(0) = 1, a' a (0) = 0. We define a(x r ) by 

a(a; 1 ) := / <p(t) dt. 



o 



Note that a"(0) = 1^0. Let u(a;) be the unique real-analytic solution to the Cauchy 
problem (j8.4j) . with / Q( g = and x = 0, given by Theorem 11.31 Now, by construction, 
w a; (a; 1 ,0) = r(x x ). Moreover, the Jacobian matrix of the gradient map x ^ u x (x) equals 
the Hessian of u(x) and hence, by Proposition 18. 11 the rank of this Jacobian matrix is one 
near 0. This completes the proof of Theorem 11.61 □ 

10. Proof of Proposition 11.71 

In this section, we give the proof of Proposition 11.71 Let E C R n+1 satisfy the assump- 
tions in the proposition. We shall prove that there is an open set in the tube hypersurface 
M := £ + iIR n+1 on which M is n-nondegenerate. The fact that M is holomorphically 
nondegenerate then follows from the connectedness of M and a general result relating fi- 
nite nondegeneracy and holomorphic nondegeneracy (see e.g. Theorem 11.5.1 in [BER99J). 
Moreover, it follows from the real-analyticity of the vector valued functions in (1 1 . 1 2 j) . as 
p varies over M, that M is n-nondegenerate on a dense open set. The fact that £(M) = n 
now follows from the lower semicontinuity of the rank of a collection of vector valued 
functions. Finally, the fact that the rank of the Levi form is one on a dense open set 
follows easily from the fact that the rank r of the Levi form at p G M equals R—l, where 
R denotes the rank of the collection of vectors in (I1.12p at p with j = 1 and the fact that, 
on a dense open set, the rank of these vectors has to strictly increase with j. 

After a rotation and translation in M. n+l if necessary, we may assume that S is given as 
a graph through of the form y = u{x). Since the Gauss image G(Yi) is assumed to be a 
curve, we may also assume that the rank of the Gauss map, or equivalently the rank of the 
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Hessian of the graphing function u(x) (see the discussion in the previous section), equals 
one in a neighborhood of 0, and that Mn(0) 7^ 0. Now, the tube hypersurface M is then 
defined in a tube neig hborhood U + zR n+1 , for some open neighborhood G U C R n , 
by an equation of the form Re w = u(Re z), where (z, w) are coordinates in C n x C such 
that Re w = y and Re z = x. We can also write the equation of M in the form 

(10.1) w = -w + 2iu((z + z)/2). 

If we write q{z,z) := 2iu((z + z)/2), then it is well known (see e.g. Corollary 11.2.14 in 
[BER99J) that M is /-nondegenerate at at point (z, w) G M if and only if the collection 
of vectors 

(10.2) q, z r(z,z), /6Z; \I\<j, 

spans C n with j = I and I is the smallest integer with this property; we use here the 
notation q s for the vector given by the anti-holomorphic gradient q s : = (q^) G C n , and 
also multi-index notation as in (TLT21) . so that z 1 : = (z v ) h . . . (z n ) In . Thus, it follows from 
(110.21) that M is /-nondegenerate along the fiber (x,y) + iM. n+1 , with (x, y) G S, if and 
only if the collection of vectors 

(10.3) u xxI {x), /ez; |/| <j, 

spans R™ with j = I and I is the smallest integer with this property. We have the following 
lemma. 

Lemma 10.1. Let S be given by y = u(x). The Gauss image G(E) is not contained in a 
hyperplane if and only if the vectors in (110.31) evaluated at x = span R™ for some integer 
j- 

Proof. Let P : S n D {(x, y) G R" +1 : y < 0} — > R n denote the stereographic projection 
introduced in (19.31) and recall that u x (x) — (P o G)(x). It is easy to see that G(S) is not 
contained in a hyperplane in R™ +1 if and only if P(G(S)) is not contained in a hyperplane 
in R™. Moreover, P(G(S)) is contained in hyperplane if and only if there is a non-zero 
vector a = (a 1 ) G R™ such that ) = for all x in a neighborhood of 0. Since u is 

real-analytic, the latter is equivalent to a l u x i x i(0) = for all multi-indices I G Z™, which 
clearly is equivalent to the vectors in (110. 3p evaluated at x = not spanning R n for any 
integer j. This completes the proof of the lemma. □ 

Since the rank of the Hessian of u is one near and Wn(0) 7^ 0, we conclude by 
Proposition 18. II that u satisfies near the differential equations &> a p{u) = 0, where A Q/ 3 
are given by (18. 2p . Thus, for any a G {2, . . . , n}, 

(10.4) u xa = —u x x, 

where u xi = (uu, . . . , u ni ). An induction, left to the reader, using the identity (110.41) 
proves the following lemma. 
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Lemma 10.2. Let u(x) be a function such that the Hessian Hu has rank one at every 
point near and itn(O) ^ 0. Then, for any multi-index JeZ", the vector u xx i(x) belongs 
to the span of the vectors 

(10.5) u x r x i)m(x), m < 

Thus, we conclude, by Lemma [10.11 and 110.21 that, for some integer j, the collection of 
vectors u x r x i\m(Q), with m < j, spans lR n . It is easily seen that this is impossible unless 
the collection of vectors u x r x i\m(x), with m < n, spans lR n for all x in a dense open set. 
In view of Lemma 110.21 and the remarks preceding Lemma 110.11 this proves that M is 
n-nondegenerate on an open set and, hence, £(M) = n as claimed. This completes the 
proof of Proposition 11.71 □ 

We conclude this paper with two remarks. 

Remark 10.3. As consequence of Lemma [10.11 and the discussion preceding it we con- 
clude that for a connected real-analytic tube hypersurface M = £ + iIR n+1 , the following 
are equivalent: 

(1) M is holomorphically nondegenerate; 

(2) M is finitely nondegenerate at each point; 

(3) the Gauss image G(H) is not contained in a hyperplane of IR n+1 . 

Note that, for a general connected real-analytic hypersurface of C n+1 , (2) implies (1) but 
not vice versa. 

Remark 10.4. It follows from the results in the last three sections ([HUHl and fTU]) that, for 
any n real-analytic functions a{x 1 ) and a^x 1 ) near in M such that an(0) 7^ 0, there is a 
unique tube hypersurface M of the form Re w = u(Re z) such that the rank of the Levi 
form is one at every point near and such that ^(x^O) = a(x 1 ) and w a (a; 1 ,0) = a a (x 1 ). 
The tube hypersurface will be finitely nondegenerate at 0, and hence holomorphically 
nondegenerate, if the collection of vectors 

(a^(0),a^- l \0)), m = l,2,..., 

spans R n . 
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